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The population evolution of excitation is explored in the Aubry-Andre´ model coupled to a d-dimensional
simple lattices bath, focusing on the effect of localization and the dimensionality of bath, as well as the initial
condition. By exact evaluation of the Schro¨dinger equation, the reduced energy levels of the system can be
determined, which can be renormalized into the complex ones when the bath is occurring. Furthermore, these
complex solutions to Schro¨dinger equation can display different features, according to the dimensionality of
bath. As a result, the decaying of excitation in the system can behave very differently; the decaying tends to
be super-exponential when d = 1, in contrast to the exponential decaying when d = 2, 3. In order to gain
further understanding of the population evolution of excitation, the propagation of excitation in the lattices bath
is also studied in both real and momentum space. It is found that the propagation of excitation in real space
can be sub-diffusive or diffusive, according to the initial state. Furthermore, the directional propagation can be
observed when the bath is high dimensional. This exotic dynamics of excitation in bath is the manifestation
of the distribution of excitation in momentum space, and thus is a result of the interference among the propa-
gating paths. A further analysis discloses that the distribution of excitation in momentum space is determined
significantly by the population of the initial state on the energy levels of system. This finding implies that the
information of initial state can be recovered by imagining the distribution of excitation in the momentum space
of bath.
I. INTRODUCTION
The study of open many-body systems has received a surge
of interest in recent years. The reasons can be summarized
as the following three aspects. First, since no quantum sys-
tem in the laboratory can be excluded from the influence of
environment, it thus is important to find out how the quantum
coherence in the system decay. Furthermore, since the rich
correlations and particle interactions in many-body systems,
it is expected that the decoherence may display different fea-
tures from the few-body quantum systems. Consequently it is
urgent to identify the special role of the correlations and inter-
action upon the open dynamics of many-body systems. Sec-
ond, through controlling the coupling to the environment, it is
possible to manipulate the quantum coherence in the system
with high precision. For example, it is shown in recent that
by controlling the coupling to the environment, one can drive
the system to a given steady state [2, 3]. As a consequence,
through the quantum-environment engineering, not only can
the quantum computation be implemented [3], but also the
many-body effect can be simulated in a controllable way [4].
Finally, the open many-body systems can exhibit a wide range
of the nonequilibrium features not found in equilibrium sys-
tems, e.g. the discrete time crystals [5] and dissipative phase
transition [6]. In this situation, the environment plays a crucial
role.
In another point, it is found in recent that the nonthermal-
ized features can occur in the isolated quantum many-body
systems. For example, the ergodicity and thermalization can
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be broken by quenched disorder in the many-body systems
[7]. Even if there is no disorder, the system can also exhibit
the dynamical features deviated from the predictions of eigen-
state thermalization hypothesis, because of the existence of
such as quantum scars [8] or Hilbert-space fragmentation [9],
as well as nonuniform perturbation to a strong linear poten-
tial [10]. A direct consequence of the breaking of ergodicity
and thermalization is the localization of quantum information,
which means that the information of initial state can be pre-
served against decoherence, and the spreading of entangle-
ment is very slow in the system.
It thus is meaningful to find out how the nonergodic or non-
thermalized dynamics in the many-body systems is changed
by the coupling to an environment. This question has received
great attention due to the experimental realization of the
many-body localization transition (MBL) in ultracold atoms
[11]: In the experiments, the atom-atom collisions and imper-
fect trapping show important influence upon the observation
of MBL [12]. Furthermore the recent theoretical studies also
show that although localization may be destroyed finally be-
cause of the coupling to a thermalizing environment, there is
a large time window where MBL can be observed [13]. The
existence of such stretched exponential decay has been ver-
ified in experiments [12]. Furthermore, it is also found that
the localization in the system can impose its influence on the
finite bath, which may stem from the uncontrollable degree
of freedom in experiments [15]. With respect to the finite-
ness of bath, the open dynamics of system is inevitably non-
Markovian. Moreover the state of bath can be changed drasti-
cally, which is known as the proximity effect [14].
Whereas the previous studies mostly modeled the environ-
ment as structureless, it is an interesting question what the
difference for the open dynamics of the many-body systems
is when the environment is structured. The word ”structured”
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2means that the environment would be dimensional, or display
the nontrivial band structure, or has a finite width of spectrum.
This consideration is reasonable in the experimental perspec-
tive. For example, for the cold atomic gases in optical lattices,
three pairs of counterpropagating laser beams are imposed in
orthogonal directions to control the motion of atoms. Then
by photon scattering, the motion of atom can be manipulated
ideally, and the interaction among atoms can be controlled in
a perfect way [16]. Thus the imposed laser field is actually
corresponding to a high dimensional photon bath. Similar sit-
uation can also occur for the cold atoms in the photonic crys-
tal (PC) lattices; by the dimensionality and the exotic band
structure in the PC lattices, the atom-atom interaction can be
mediated in a versatile way [17–19]. Thus the PC lattices not
only act as a finite bath, but also provide a possible way to
manipulate the motion of atom. An important consequence
for the appearance of structured environment is the failure of
the Born-Markov approximation. It thus is expected that the
non-Markovianity would impose vital influence on the open
dynamics of the many-body systems.
Hence in this work, we try to find the influence of the di-
mensionality of the bath upon the dynamics in the localized
system. For this purpose, the population dynamics of single
excitation in an one dimensional atomic chain coupled a d-
dimensional simple lattices bath, is studied in an exact way.
As will shown in the following discussion, although the local-
ization in the atomic chain can be destroyed finally, the evo-
lution of excitation can shows different behaviors, according
to the dimensionality of the bath. Furthermore we also find
that the propagating of excitation in the bath can show the in-
timate correlation to the state of system and the initial state.
As a result, it is possible to recover the information of initial
state by imaging the distribution of excitation in the bath. The
following discussion is divided into six sections. In Sec. II
the Hamiltonians of our model are presented at first. Then the
reduced energy levels in the system is evaluated analytically.
In Sec. III, the population evolution of single excitation is
studied in both atom chain and lattices bath, focusing on the
localization of the system, the initial state and the dimension-
ality of the bath. In order to gain further understanding for
the exotic dynamics of excitation, the propagating of excita-
tion is discussed in the momentum space of bath in Sec. IV
and Sec. V. Especially we find that the information of initial
state can be extracted from the population of excitation in the
momentum space. Finally in Sec. VI, conclusion and further
discussion are presented.
II. THE MODEL AND REDUCED LEVELS OF THE
SYSTEM
In this paper, we focus on a one-dimensional tight-binding
atomic chain with onsite modulation, coupled to a simple d-
dimensional lattice environment. The Hamiltonian can be
written as
H = Hs +Hb +HI , (1)
in which
Hs =
Ns∑
n=1
λ
(
a†n−1an + a
†
nan−1
)
+ ∆ cos(2piβn+ φ)a†nan,
Hb = −J
∑
〈i,j〉
b†i bj +H.c.
HI = g
∑
n,j
a†nbj +H.c.
whereNs is the length of the atomic chain, an(a†n) is the anni-
hilation (creation) operator of excitation at the n-th atom. Hs
characterizes the Aubry-Andre´-Harper (AAH) model when β
is a Diophantine number [21]. It is known for AAH model
that there is a critical point ∆/J = 2, which separates
the delocalized phase (∆/λ < 2) from the localized phase
(∆/λ > 2) [20]. In this paper we choose the golden ratio
β =
(
1 +
√
5
)
/2, which can be approached tightly by Fi-
bonacci sequence. Thus in this sense, the system is quasi-
periodic or quasi-disordered. Furthermore, the topological in-
duced edge mode can be found in AAH model under open
boundary condition, which corresponds to a discrete energy
level in the gap [22]. As shown in the following discussion,
the edge mode will have distinguished effect on the population
of excitation in the system.
Hb characterizes a d-dimensional simple lattice bath with
the nearest-neighbor hopping. Under periodic boundary con-
dition, Hb can be diagonalized in momentum space,
Hb = −
∑
k
ω(k)b†kbk, (2)
where ω(k) = 2J
∑d
q=1 cos kq , bk(b
†
k) is the bosonic
annihilation (creation) operator of the k-th mode. For
continuous case, kq ∈ [−pi, pi] (q = 1, 2, · · · , d), bk =
1/ (2pi)
d/2∑
j e
−ik·jbj. It is clear that the eigenenergy
ωk/2J ∈ [−d, d] constructs a band, which acts as a bath for
the system. HI depicts the local coupling between atom in the
system and lattice site in bath. In momentum space, it can be
transformed into
HI =
g
(2pi)
d/2
∑
n,k
eik·nbka†n +H.c., (3)
where n denotes the position vector of the n-th atom in the d-
dimensional lattice bath. The coupling strength g is assumed
to be homogeneous for any wavevector k = (k1, k2, · · · , kd).
Finally it should be pointed out that our model can be realized
readily in experiments, e.g. in the photonic crystals lattices
[17, 18].
Although the atomic interaction is of utter importance to
observe MBL transition [11], our research does not try to in-
clude this point since the atomic interaction would complicate
the population evolution of excitation in both system and bath.
Thus it is convenient to restrict our discussion to the single
excitation case. Then the energy eigenstate can be expressed
3generally as
|ψE〉 =
(
Ns∑
n=1
αn|1〉n
)
⊗ |0〉k +
|0〉⊗NS ⊗
(∑
k
βk|1〉k
)
, (4)
in which |1〉n = a†n|0〉 denotes the occupation of the n-th
atomic site, |0〉k is the vacuum state of bk and |1〉k = b†k|0〉k.
Substituting |ψE〉 into the Schro¨dinger equation H|ψE〉 =
E|ψE〉, one obtains
λ (αn+1 + αn−1) + ∆ cos(2piβn+ φ)αn +
g
(2pi)
d/2
×∫ pi
−pi
dk1
∫ pi
−pi
dk2 · · ·
∫ pi
−pi
dkdeik·nβk =Eαn;
(5a)
−ω(k)βk + g
(2pi)
d/2
Ns∑
j=1
αje
−ik·j =Eβk.
(5b)
By solving the Eq. (5b), one get
βk =
g
(2pi)
d/2
∑
j αje
−ik·j
E + ω(k)
. (6)
Substituting this expression into Eq. (5a), one obtains
λ (αn+1 + αn−1) + ∆ cos(2piβn+ φ)αn +
g2
(2pi)
d
×
Ns∑
j=1
αj
∫ pi
−pi
dk1
∫ pi
−pi
dk2 · · ·
∫ pi
−pi
dkd
eik·(n−j)
E + ω(k)
= Eαn.(7)
Eq. (7) constitutes a linear system of equations for αn. The
eigenenergy E corresponds to the zero points of the determi-
nant of the coefficient matrix. However, in order to solve Eq.
(7), one first has to deal with the integral,
fd (n) =
1
(2pi)
d
∫ pi
−pi
dk1
∫ pi
−pi
dk2 · · ·
∫ pi
−pi
dkd
eik·n
E + ω(k)
. (8)
which is known as lattice Green function. It is not difficult to
note that fd (n) = fd (−n) since ω(k) is symmetric under the
transformation k ↔ −k. Whereas fd (n) can be determined
readily in numerics for |E| > maxk |ω(k)|, one has to expand
the definition of fd (n) into the complex space to find its value
when |E| < maxk |ω(k)|. As a result, fd (n) is transformed
into a contour integral, and can be evaluated by the methods
of residues.
For d = 1, the atomic chain is assumed to be arranged along
the lattice direction in bath. While for d = 2, 3, we suppose
that the atomic chain is arranged along the body diagonal di-
rection in bath. Thus n1 = n2 = · · · = nd = n. By the
results in Ref. [23] and [24], one obtains
f1 (n) =
pi√
e2 − 1
sign(e)(|e|+√e2 − 1)n ; (9)
f2 (n) = − 16 cosnpi
pi2(4n2 − 1)e2 ×
F
(
1, 1, 1, 32 ,
3
2 ;
3
2 + n,
3
2 − n, 32 , 32 ; 4e2
)
; (10)
f3 (n) =
(−1)n
e
(3n)!
(3nn!)
3
[
e
3
(
1−
√
1− 9
e2
)]3n
×
F
(
1
3 ,
2
3 ;n+ 1; η+
)
F
(
1
3 ,
2
3 ;n+ 1; η−
)
, (11)
in which e = E/2J . η± =
1
8e2
[
4e2 +
(
9− 4e2)√1− 9e2 ± 27√1− 1e2 ].
F (x1, x2, · · · ; y1, y2, · · · ; z) is the hypergeometric function,
which converges for |z| < 1. It should be pointed out
that fd (n) is divergent absolutely at the boundary of bath
spectrum, i.e. e = ±d. Thus these special cases are excluded
in the remaining discussion of this section.
In Figs. 1 and 2, the determinant of coefficient matrix in
Eq. (7) is plotted for the real and complex e in order to find its
zero points, which corresponds to the reduced eigenenergy of
the system. For these plots, we choose φ = −0.6pi, in which
there are two edge modes in AAH model with localization of
population at the ends of atomic chain. Throughout this pa-
per, λ = 2J ≡ 1 is supposed. Thus the quantities in this paper
are automatically scaled by 2J or λ. As shown in Fig. 1, one
can find that there is no existence of real zero point in the
regime of the spectrum of bath. Whereas, the real zero points
can occur only outside of the spectrum of bath. The real zero
point characterize a bound state, which depicts the robustness
of excitation in the system against spontaneous emission [25].
In addition, the energy of the bound state shows a slight dif-
ference in energy from the unperturbed energy levels in the
AAH model. Thus the bound state can be considered as the
renormalization of the energy level in the system.
The situation becomes different inside of the bath spectrum.
In Fig. 2, the contour plots are presented for the vanishing de-
terminant of coefficient matrix in Eq. (7) when e is complex.
It is evident that the zero point can occurs only for complex
e, and shows different population according to the value of
d. One common feature for these plots is the existence of
the discrete zero points near the axis Im(e) = 0, of which
the imaginary part has a magnitude of ∼ 10−3 in unit of 2J ;
Our thorough evaluation find that the real parts of these dis-
crete zero points show a sligth difference from the eigenen-
ergy of the system. In this sense, these discrete zero points can
be considered as the renormalized energy level of the system
coupled to a bath. As shown in the next section, the renormal-
ized energy level will have a crucial impact on the population
evolution of excitation in the system. On the other hand, we
also note that there exist many additional crossing points when
d = 1, which are populated densely in the plane Im(e) < 0.
as shown in Figs. 2 (a) and (b). It is expected that these solu-
tions would be populated continuously for Ns → ∞. More-
over, the imaginary parts of these solutions are lager relative
to the discrete ones, which means faster decaying of excita-
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Figure 1: (Color online) Plots of the determinant of coefficient matrix
of Eq. (7) vs. the real e (rescaled in unit of 2J) when ∆ = 1, 3, and
d = 1, 2, 3 respectively. For definiteness, Ns = 21 and φ = −0.6pi
are chosen. λ is also set to be unit. g = 0.1 is chosen in order
to guarantee the validity of rotating-wave approximation. In order to
show the connection between the zero points of e and the unperturbed
energy levels in the system (highlighted by pink empty circles), the
real part (blue line) and imaginary part (red line) of the determinant
are plotted respectively.
tion. However, this picture does not happen for d = 2, as
shown in Figs. 2 (c) and (d). As for d = 3, a more compli-
cated behavior can be found in the region Re(e) < 0, where
the vanishing determinant seems to be chaotic. Unfortunately,
a physical understanding for these features is absent now. A
possible explanation could be the effect of dimensionality of
the bath: The interference among different decaying channels
of excitation would induce the complicated population of the
zero points in the system.
It should be pointed out that the similar picture can also be
observed for the other φ. The reason for this special choice
Figure 2: (Color online) The contour plots for the vanishing deter-
minant of coefficient matrix of Eq. (7) in the regime of |e| < d. The
crossing points of blue-solid line (the real part of the determinant)
and red-dashed line (the imaginary part of the determinant) corre-
spond to the zero points. The grey regions corresponds to the regime
of |e| ≥ d. The other parameters are same to those in Fig. 1
φ = −0.6pi is that there are two discrete edge modes: With
respect to the different value of d, the edge mode can be renor-
malized as the bound state or the reduced level of system with
complex energy. Thus the influence of the complex energy
level, as well as the bound state, upon the dynamics of exci-
tation can be discussed in a consistent way. By the way, we
should point out that the properties of AAH model are insensi-
tive to the number of atomNs (Ns being a Fibonacci number).
For a large Ns, the numerical evaluation would becomes very
exhaustive. So we choose Ns = 21 throughout this paper.
III. THE POPULATION EVOLUTION OF EXCITATION
In this section, the propagating of excitation is investigated
in both atomic chain and lattice bath by the population evo-
lution. By the time-dependent Schro¨dinger equation, the evo-
lution equation for the population of excitation in the system
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Figure 3: (Color online) Plots for the time evolution of the survival probability |αn0 |2 for a single excitation initially located at atomic site
n0 = 1, 11, 21, versus ∆ and the dimensionality of bath d. The time t is scaled in unit of 2J . The other parameters are chosen as the same to
those in Fig. 1
can be written as
i
∂
∂t
αn(t) = αn+1(t) + αn−1(t) + ∆ cos(2piβn+ φ)αn(t)
−ig2
Ns∑
m=1
i
d|n−m|
∫ t
0
dsαm(s)
[
J|n−m| (t− s)
]d
,(12)
where i is the square root of negative 1, and J|n−m| (t− s)
is the Bessel function of the first kind. To obtain this equa-
tion, it is assumed for the excitation to locate initially in the
system. Evidently because of the existence of memory kernel[
J|n−m| (t− s)
]d
, which is responsible for dissipation of ex-
citation, one has to rely on numerics to determine αn(t). Our
method is to transform the integral into the summation with
suitable step length. By solving Eq. (12) iteratively, αn(t) can
be determined. However, the iterative determination of αn(t)
limits the computational precision and the size of the system.
Thus the following evaluation is restrict to the evolution time
t = 200 in unit of 2J or λ, and Ns = 21.
The population of excitation in the momentum space of
bath can be expressed as
βk(t) = −i g
(2pi)
d/2
∫ t
0
dsei(t−s)ω(k)
Ns∑
n=1
e−ik·nαn(s).(13)
By Fourier transformation, the population of excitation in the
lattices space of bath can be written as
βr(t) =
1
(2pi)
d/2
∫ pi
−pi
dk1
∫ pi
−pi
dk2 · · ·
∫ pi
−pi
dkdβk(t)eik·r
= −ig
∫ t
0
ds
Ns∑
n=1
αn(s)⊗dj=1 i|n+rj |J|n+rj | (t− s)(14)
in which r = (r1, r2, · · · , rd) is a vector in d-dimensional lat-
tices space of bath, (Nb)
d denotes the size of d-dimensional
lattice bath. It is evident that both βk(t) and βr(t) are directly
correlated to the past states of the system. As a result, the
propagation of excitation in the bath may be affected signifi-
cantly by the system.
A. population evolution in the system
In this subsection, the population evolution of excita-
tion in the system, initially located at the ends of atomic
chain (labeled as n0 = 1, 21) or in the middle (labeled as
n0 = 11), is discussed by the survival probability |αn0 |2 =∣∣
n0〈1|e−iHt|1〉n0
∣∣2. The initial states for n0 = 1, 21 are re-
lated to the two edge modes in the system, while the latter
is related to a bulk state in the system. As shown in Fig. 3,
according to the initial states and the dimensionality of bath,
the evolution of excitation in the system can display different
behaviors.
The survival probability |αn0 |2 of excitation is plotted with
respect to the scaled evolution time t (in unit of 2J ) in Fig. 3.
6First one can note for n0 = 1, 21 that the corresponding sur-
vival probability can shows different decaying according to
d = 1 or d = 2, 3; When d = 1, the |α1|2 and |α21|2 show a
decaying faster than exponentially, as shown in Fig. 3(a1) and
(c1) for ∆ = 1. In contrast, both of them decay exponentially
when d = 2, 3, as shown in Figs. 3 (a2), (c2) and (a3), (c3).
This picture can be attributed to the existence of the additional
complex energy levels in the system when d = 1, as shown
in Figs. 2(a) and (b), which makes the decaying of excitation
more quickly. Whereas, it does not happen for d = 2, 3, as
shown in Figs. 2(c)-(f). Consequently in this case the evolu-
tion of excitation is decided mainly by the overlap of the initial
state and the renormalized energy levels in the system. In the
current case, the initial states for n0 = 1, 21 overlap signifi-
cantly with the renormalized edge states, of which the energy
can be complex. Thus the imaginary parts of the energy of
the renormalized edge states may determine the velocity of
decaying. Finally, the steady behavior of the survival proba-
bility can be found when d = 1, as shown by the red-dashed
lines in Fig. 3 (a1) and (c1). The reason is that both two edge
states are renormalized as the bound states in this case. Thus
the evolution of excitation would be mainly unitary, and the
survival probability is determined completely by the overlap
of the initial state and the edge state.
The situation is different for n0 = 11. As shown in
Figs.3(b1)-(b3), |α11|2 is insensitive to the dimensionality of
bath, but instead displays the sensitivity to the value of ∆;
For ∆ = 1, although |α11|2 decays so fast at earlier time, the
partial recurrence of the survival probability can be observed
in later times. This picture is a direct manifestation of the
collective dynamics in the many-body systems [26]. While
for ∆ = 3, |α11|2 decays very slowly, and the recurrence of
|α11|2 can also be observed in this case. This difference stems
from the localization in the system; For ∆ = 3, the system is
in the localization phase, which protects the excitation against
the diffusion and spontaneous emission. While for ∆ = 1, the
system is in the delocalized phase, and the evolution of ex-
citation would becomes diffusive and dissipative. As for the
influence of d, one can find that the increasing of d is accom-
panied with the weak reduction of the recurrence. This picture
can be explained as the fact that the higher dimension of bath
means the more channels for the dissipation of excitation in
the system. Thus the decaying of the survival probability can
be enhanced by increasing d.
In general, the different features between
∣∣α1(21)∣∣2 and
|α11|2 can be attributed to the band structure of system; For
n0 = 1, 21, the corresponding initial states overlap signifi-
cantly with the edge states of the system. Because of the finite
gap, the band state in the system would have relatively small
contribution to the evolution of excitation. In this sense the
excitation in this state behaves more like a single particle. On
the contrary, the initial state for n0 = 1 overlaps significantly
with the states in the band. Thus in this situation the evolution
of excitation is dominant by the collective behavior of the sys-
tem. As shown in the next subsection, this difference can also
be manifested by the propagating of excitation in the bath.
(a) (b)
(c) (d)
(e) (f)
Figure 4: (Color online) The density plots for the time evolution of
the rescaled population Nb |βr(t)|2 (see Eq. (14)) when the lattices
bath is one dimensional. The time t is scaled in unit of 2J , and x
labels the site of lattices in the bath. The center of the atomic chains
overlaps with the center of the one dimensional lattice bath. The
brightness means high probability of population of excitation in the
lattices bath. For these plots, the number of lattices in the bath is
Nb = 201. The other parameters are same to those in Fig. 1.
B. population evolution in the bath
with respect to the finiteness of the bath, it is meaningful
to find how the excitation propagates in the bath. This discus-
sion comes from the following considerations. First, as shown
in Eq. (14), the spreading of excitation is determined by the
past states of the system. Thus it is expected that from the dy-
namics of excitation in the bath one can extract the informa-
tion of the state of system, as well as the initial state. Second
it is also an interesting issue how the dimensionality of bath
affect the spreading of excitation in the bath. For this pur-
pose, the propagation of excitation in the bath, measured by
the rescaled distribution Ndb |βr(t)|2, are studied for d = 1, 2,
and 3 respectively. We find that the propagation of excitation
in the bath is strongly correlated to the initial state, the state
of system, and the dimensionality of bath.
d = 1: When d = 1, the propagation of excitation in the
bath can show two different features. First for n0 = 11 with
∆ = 1, the propagation of excitation is diffusive in the bath
with the increasing of t, as shown in Fig. 4(c). In contrast,
the propagating of excitation is greatly reduced in the bath
7Figure 5: (Color online) The density plots of the rescaled population N2b |βr|2 for different evolution times when the bath is a square lattices.
The number of the lattices in the bath is 201 × 201, and x and y label the coordinates of the lattices in the square bath. The atomic chain is
arranged along the diagonal direction of the square lattices, and the center of chain overlaps with the center of the lattices. The other parameters
are same to those in Fig. 1.
when ∆ = 3: the excitation prefer to be localized in the ini-
tial site x = 0. This picture can be attributed to the strong
localization in the system, which would keep the excitation at
the initial site. As a result, because of the local interaction,
the excitation in the bath would also behaves localized. Sec-
ond for n0 = 1, 21 and ∆ = 1, the propagation of excitation
shows ballistic-like behavior: As shown in Figs. 4 (a) and (e),
the population of excitation tends to be more pronounced at
two separated regions away from the initial position with the
increasing of t. In contrast, it is found for ∆ = 3 that the
transport of excitation is almost compressed completely in the
bath. The reason is the occurrence of the bound state, which
significantly overlaps with the initial state, and thus protect
the excitation against the dissipation.
Conclusively the distinct propagation of excitation is in-
timately correlated to the localization of the system. For
n0 = 1, 21, the initial state overlaps mainly with the edge
state in the system. Thus because of the existence of energy
gap, the excitation in the edge state behaves more like a single
particle, as discussed in the previous subsection. As a conse-
quence the propagation of excitation in the bath is ballistic-
like, which resembles the quantum walks process of single
particle in the many-body systems [27]. On another hand, the
initial state for n0 = 11 is a superposition of the band states
in the system. This feature results in the population of excita-
tion on the atomic sits of the chain at first. Then by the local
interaction HI , the diffusive propagation of excitation in the
bath can be considered as the result of the interference among
different single-particle quantum walks. However, with the
increasing of ∆, the system becomes more localized, and the
edge mode can be renormalized as the bound state. Thus by
the proximity effect [14], the transport of excitation in the bath
can also demonstrate the localization, as shown by the left col-
umn in Fig. 4.
d = 2: The propagation of excitation becomes more com-
plex when the bath is two dimensional. In Fig. 5, the den-
sity plots for the population of excitation in a square lattice
bath are presented for different times. In order to exhibit the
propagation of excitation more clearly, we have reduced the
ranges in all plots. Similar to the former case, the propaga-
tion of excitation also displays significant connection to the
initial condition and localization in the system. For n0 = 1,
one can find a directional propagation when ∆ = 1: With the
increasing of t, the population becomes pronounced in some
directions, e.g. illustrated by the red arrows in Fig. 5(a6).
However for ∆ = 3, this directionality is disappearing, and
8Figure 6: (Color online)The density plots of the rescaled population probability N3b |βr|2 for different evolution times when the bath is a cubic
lattices. For convenience of illustration, the plots is sliced to the plane (x = y, z), highlighted by the brown region in (a). The number of
the lattices is 201 × 201 × 201, and x, y and z label the coordinatesof lattices in the cubic bath. The atomic chain is arranged along the
body-diagonal direction, and the center of chain overlaps with the center of the cubic lattices. The other parameters are same to those in Fig.
1.
the propagation of excitation tends to be isotropic in all direc-
tions, as shown in Fig. 5(b1) - (b6). Moreover in this case it
seems for the propagation as if there is a source of radiation
at the site (10, 10), where the lattice is coupled to the initial
site of excitation. In comparison, one can find for n0 = 11
that the directional propagating along the off-diagonal direc-
tion becomes more pronounced with the increasing of ∆, as
shown in Figs.5 (c1)-(c6) and (d1)-(d6).
The different feature for n0 = 1 and n0 = 11 can also be
understood by the localization in the initial state. As stated
in the previous discussion, the excitation in the initial state
of n0 = 1 behaves more like a single particle. With the
increasing of ∆, the single-particle character becomes more
pronounced. This is the reason for the isotropic propagating
of excitation observed for ∆ = 3. In contrast, the initial state
for n0 = 11 is a superposition of the band state in the sys-
tem. Thus the directional propagating of excitation can be
explained as the consequence of the interference of the proba-
bility waves emitted from the atomic sites in the chain. As for
the reduction of the propagating in the diagonal direction, a
possible explanation is the proximity effect: due to this effect,
the propagation of excitation along the diagonal direction is
reduced greatly by the localization induced by the coupling
to the atomic chain. The picture is consistent with the obser-
vation in the case d = 1. For n0 = 21, the propagation of
excitation is similar to that for n0 = 1, except that the cen-
ter of the figuration is shifted to the site x = y = −10. The
corresponding plots are not provided in this place.
d = 3: The propagation of excitation becomes more com-
plex when the bath is a cubic lattices. In Figs. 6 , the rescaled
distribution N3b |βr(t)|2 of excitation in the bath is illustrated
for different evolution times by the density plot in the slice
plane (x = y, z). Similar to the situation of d = 2, the trans-
port of excitation can also display significant directionality.
For n0 = 1 and ∆ = 1, we find that the excitation tends
to transport along two special directions, closed to the lines
x = y = z and x = y = −z, as shown in Figs. 6 (b1) - (b5).
However with the increasing of ∆, this directionality is disap-
pear, as shown in Figs. 6 (c1) - (c5) for ∆ = 3. Similar to
the cases of d = 1, 2, this picture can also be attributed to the
9Figure 7: (Color online) The three dimensional density plots of the
distribution N3b |βr(t)| in the cubic lattice bath for t = 200. The
parameters are the same to those in Fig. 6. The darkness of plotting
means the high probability population.
single-particle property of the initial state for n0 = 1. In com-
parison, the excitation for n0 = 11 tends to propagate along
the lines x = y = z and x = y = −z, as shown in Fig. 6 (d1)
- (d5) and (e1) - (e5). The effect of ∆ seems to strengthen the
directionality of transport. Unfortunately we cannot find the
exact reason for this difference. A possible explanation would
be the result of the interference among the different paths of
the propagating of excitation in the cubic lattices bath.
Finally it should be pointed out that similar population evo-
lution can also be found for the other two slice planes, shown
by the grey regions in Fig. 6 (a). This point can be illustrated
in Fig. 7, in which the three dimensional density plots for the
distribution N3b |βr|2 with t = 200 are presented. It is evident
that N3b |βr|2 is seemingly symmetric to the body diagonal
line.
IV. POPULATION IN THE MOMENTUM SPACE OF
LATTICES BATH
In order to gain further understanding for the propagation of
excitation in the bath, we discuss the distribution of excitation
in the momentum space of bath in this section. For this pur-
pose, we first discretize k ∈ [−pi, pi] into Nb segments. Thus
a factor (2pi/Nb)
d/2 has to be appended to the definition of
βk(t), defined in Eq. (13), in order to guarantee the normal-
ization. For definition, our study focus on the time t = 200 (in
unit of 2J). As shown in the previous discussion, the dynamic
feature for the propagation of excitation in the bath is definite
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Figure 8: (Color online) The plots of the rescaled distribution Nbβk
in the momentum space of one-dimensional bath when t = 200.
Nb = 201 and the other parameters are chosen as the same in Fig 1.
in this time. The results are presented in Figs. 8 and 9.
As shown in Fig. 8 for d = 1, the rescaled distribution
Nb |βk|2 can show different feature, according to the initial
state and the value of ∆. In Fig. 8 (c) and (d) for n0 = 11, one
can find that the rescaled βk shows two peaks at k ∼ ±pi/2
for n0 = 11, which correspond to the two probability waves,
moving in the opposite directions. This picture is consistent
with the observation in Figs. 4 (c) and (d), in which the
spreading of excitation in bath comes from the interference
of the two probability waves. In contrast, four peaks at least
can be found for n0 = 1, 21 when ∆ = 1, as shown in Figs.
8 (a) and (e). As a result, the interference of these probability
waves would induce the appearance of wave packets in real
space, as displayed in Figs. 4 (a) and (e). As for the case of
∆ = 3, because of the occurrence of the bound state, the ex-
citation would tend to be kept in the initial site, as stated in
Sec. IIIB. Thus by uncertainty relation, a wider distribution
of momentum can be observed, as shown in Figs. 8 (b) and
(f).
The similar features can be found for high dimensional
cases. In Fig. 9 (a1)-(a4), the rescaled βk is plotted for d = 2.
It is evident that some peaks can be found. For ∆ = 1, these
peaks are relatively sharp at some points in the momentum
space when n0 = 1 and n0 = 11, as shown in Fig. 9(a1) and
(a3). This picture is consistent with the observed directional
propagation of excitation in the real space. However with the
increasing of ∆, two different behaviors can be found for the
rescaled βk. For n0 = 1, the distribution of excitation tends to
be flattened in the momentum space, as shown in Fig. 9(a2).
Thus it means that the propagation of excitation tends to be
isotropic in the real space, just as observed in Fig. 5 (b6). This
feature is also the manifestation of the single-particle property
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Figure 9: (Color online)The density plots of the rescaled distribution
βk in the momentum space of square and cubic lattices bath when
t = 200. The size of momentum space are chosen as N2b and N
3
b
with Nb = 201. The other parameters are chosen as the same in Fig
1.
of the excitation in the initial state of n0 = 1. On the other
hand, one can still find for n0 = 11 that some peaks are dis-
tributed symmetrically along the diagonal line kx = ky , as
shown in Fig. 9 (a4). As a result, the excitation propagates
mainly along the off-diagonal direction, just as observed in
Fig. 5 (d6)
The situation is similar when the bath is a cubic lattices. As
shown in Fig. 9 (b1)-(b4), the three dimensional density plots
for the rescaled βk are presented when t = 200. Although the
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Figure 10: (Color online) The graphic illustration for the connection
between the rescaled βk and the population cn = n〈1|ψ(t = 0)〉 of
initial state on the system levels when the bath is a one-dimensional
lattices system. The rescaled βk is plotted for t = 200. The other
parameters are chosen as the same in Fig 1.
distribution is more complicated in this case, the basic behav-
iors are consistent to the observation in the square case. For
instance, because of the single-particle property of the excita-
tion in the initial state for n0 = 1, the distribution of rescaled
βk forms a closed surface in momentum space when ∆ = 3
(Fig. 9 (b2)), in contrast to the fragmented distribution when
∆ = 1 (Fig. 9 (b1)). Whereas for n0 = 11, with the increas-
ing of ∆, the distribution of βk varies from being symmetric
about the main body-diagonal lines of cubic lattices to being
symmetric about the center of the cubic lattices. For more de-
tails of the distribution, one can refer to the slice-density plots
presented in the Appendix.
V. DEPENDENCE ON THE INITIAL CONDITION
An important observation is the significant correlation be-
tween the distribution of excitation in the bath and the initial
state. In this section, we will show that the distribution of ex-
citation in the momentum space of the bath is decided by the
population of the initial state on the energy levels of system.
This feature means that the information of initial state cannot
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Figure 11: (Color online) (a1)-(a4): The density plots for Fig. 9 (a1)-
(a4). The green-dashed lines are the iso-energy lines, of which the
energy is labelled by a green number; (b1)-(b4): The slice density
plots for in Fig. 9 (b1)-(b4). The slices are chosen at the plane kx =
−pi, ky = pi, kz = −pi, in which the iso-energy lines are highlighted
by green dashed lines.
be erased completely when the bath is finite.
d = 1: In Fig. 10, the comparative plots for the rescaled
βk and the population of initial state on the energy levels of
system is plotted for d = 1. In these plots, n labels the energy
level in the system, and cn = n〈1|ψ(t = 0)〉 characterizes
the occupation. It is evident that the corresponding energy
decided by the k where the rescaled βk shows a peak, has a
correspondence to the energy level in the system, for which
|cn|2 is finite. For example, there are two large peaks closed
to k = ±pi/2 for n0 = 1 and ∆ = 1, as shown in Fig. 10 (a1).
The corresponding energy is−0.06279, which is closed to the
system level −0.05974. The slight difference comes from the
interaction between system and bath. In comparison, the two
relatively small peaks correspond to the bath level −0.79016,
which corresponds to the energy level of system −0.804192.
For the other mini peaks in Fig. 10 (a1) , similar correspon-
dence can also be found. Another observation is that the large
|cn|2 does not mean large βk. This feature is the result of the
Fermi’s golden rule, which states that the transition probabil-
ity is proportional to the density of final state; In this case, the
density of state in the bath is the maximal at k → ±pi/2. Sim-
ilar behaviors can be found for n0 = 11 and ∆ = 1, as shown
in Figs. 10 (b1) and (b2).
The situation becomes different slightly when ∆ = 3. For
n0 = 1, besides the two peaks closed to k = ±pi/2 which cor-
respond to the system level 0.33389, two exceptional peaks
and a continuous distribution closed to the point k = 0 can be
found, as shown in Fig. 10 (c1). Both two peaks have the en-
ergy −0.982287, and have no correspondence to any system
level. With respect to the occurrence of the bound state, they
could be attributed to the coupling between the edge mode
and the lower band edge of bath [17]. The continuous dis-
tribution comes from the localization of excitation in the real
space induced by the proximity effect, as stated in Sec. IV.
Thus it is irrelated to cn. In contrast, although the increasing
of ∆ significantly modifies the population cn, the distribution
of βk show a finite changes, as shown in Fig. 10 (d1). The
feature is consistent to the previous observation that the evo-
lution of the initial state for n0 = 11 is determined mainly
by its population on the energy levels of the system. Thus
by Fermi Golden rules, the spontaneous emission of excita-
tion is mainly decided by the density of state in bath. As for
n0 = 21, the distribution of βk displays the similar behaviors
as the case of n0 = 1.
d = 2: The situation is similar when the bath is a square
lattices system. For n0 = 1, βk is more pronounced at the bath
levels −0.80473 (∆ = 1) and −1.45506 (∆ = 3), as shown
in Figs. 11 (a1) and (a2). The two bath levels correspond to
the energy levels of system −0.80419 (∆ = 1) and −1.45296
(∆ = 3) respectively, at which the population |cn|2 is also
pronounced as shown in Figs. 10 (a2) and (c2).
As for n0 = 11, one can find many peaks for the rescaled
βk, as shown in 11 (a3). These peaks characterize the different
bath levels (labeled by the green numbers), which correspond
to the populated energy levels in the system shown in Fig. 10
(b2). With the increasing of ∆, the population of cn inside the
regime of spectrum of bath becomes reduced greatly, as shown
in Fig. 10 (d2). Then by the Fermi Golden rules, the rescaled
βk becomes more populated at the bath level −0.0992285,
as shown in Figs. 11 (a4), which is related to the smallest
eigenenergy −0.0994735 in the system.
d = 3: It is difficult for the cubic lattices bath to
demonstrate the complete correspondence between |cn|2 and
rescaled βk. Instead the slice-density plots on the planes
kx = −pi, ky = pi, kz = −pi are presented in Fig. 11 (b1)-
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(b4). In order to keep the figures clean, we do not label the
values of iso-energy lines. Whereas, by thorough examina-
tion, we find that the peaks of βk on the special planes are
also correlated to the population |cn|2 in the initial states.
Finally it should be pointed out that the distribution of βk is
not homogeneous on the isoenergy lines: On some segments,
βk can be large; While on others, it is very small. Unfortu-
nately we cannot give a solid explanation for this feature.
VI. CONCLUSION
In conclusion, the population evolution of excitation is
studied in the Aubry-Andre´-Harper model coupled a high-
dimensional simple lattices bath in this article. According to
the initial state, localization in the AAH model, and the di-
mensionality of lattices bath, the population evolution of ex-
citation shows distinct properties in both the system and bath.
Focusing on the single-excitation situation, the reduced en-
ergy levels in the system can be evaluated exactly by solving
Eq. (7). As shown in Figs. 1 and 2, the obtained reduced
energy levels can show different features, according to the
dimensionality of bath. Outside of the regime of bath spec-
trum , the energy levels in the systems are renormalized as the
bound states, in which the excitation becomes stable against
spontaneous emission. Whereas, inside the regime of spec-
trum of the bath, the energy levels becomes complex, and
shows strong connection to the dimensionality of bath. For
one dimensional bath (d = 1), the energy levels in the sys-
tem are renormalized as the complex ones with a small imagi-
nary part. Besides, there exist additional solutions with a large
imaginary part, which are responsible for the fast dissipation
of excitation in the system, as shown in Figs. 2 (a) and (b).
In contrast, for d = 2, 3, only the solutions corresponding to
the renormalized energy levels of the system, can be found,
as shown in Figs. 2 (c) and (d). This difference can induce
different dissipative dynamics in the system. In Sec. IIIA, the
population evolution of single excitation in the system is stud-
ied for different initial states and the dimensionality of bath,
as well as ∆s. As shown in Figs. 3, the survival probability of
initial state shows a super-exponential decaying in the case of
one-dimensional bath, in contrast to the exponential decaying
in the high-dimensional cases.
with respect to dimensionality of lattice bath, the propaga-
tion of excitation in the lattices bath is studied in Sec. IIIB.
As illustrated in Figs. 4, 5 and 6, the propagation of exci-
tation can be manipulated significantly by the dimensionality
of bath. For d = 1, according to the initial state, the evo-
lution of excitation can show two distinct features. One is
the ballistic-like propagation for the initial state overlapped
greatly with the edge mode in the system, as shown in Figs.
4 (a) and (e). The other is the diffusive spreading for the ini-
tial state (n0 = 11) overlapped with the band states in the
system. This difference can be understood as the result of lo-
calization in the initial state, which can make the excitation
localized in the bath by proximity effect. This effect becomes
more pronounced when ∆ = 3, for which the system is in
the localized phase. However, the propagation of excitation
becomes complex for high dimensional bath since there are
addition channels for the propagation of excitation. As shown
in Figs. 5 and 6, the propagation of excitation can become di-
rectional or diffusive, according to the initial state. Especially
for the initial state of n0 = 1, the excitation behaves more
like a single particle with the increasing of ∆. As a result, a
diffusive-like propagation in bath can be found, as shown in
Figs. 5 (b1)-(b6) and 6 (c1)-(c5).
In order to understand further the exotic propagation of ex-
citation in the bath, the population of excitation in the mo-
mentum space of the bath is studied in Sec. IV and V. By
evaluation of the rescaled βk, defined by Eq. (13), we find the
correspondence between the exotic propagation of excitation
in the bath and the distribution βk. In one dimensional case,
the ballistic-like propagation of the excitation for n0 = 1, 21
comes from the interference of two pairs of probability waves
shown in Figs. 8 (a) and (e). As a consequence, a localized
wave packet can be developed in real space, as shown in Figs.
4 (a) and (e). In contrast, the diffusive propagation of the
excitation initially at n0 = 11 comes from the interference
of two counter-transporting probability waves with opposite
wave vectors. Consequently, a periodic distribution of excita-
tion in real space can be found, as shown in Fig. 4(b). Espe-
cially when the bound state is occurring, the distribution βk
can be broaden, as shown in Figs. 8(b)and (f), which reduces
greatly the propagation of excitation in the real space. Simi-
lar observations can also be found in high dimensional case.
In this case, βk becomes pronounced at some points in the
momentum space when the propagation of excitation in the
real space is directional. in contrast, the diffusive propagation
corresponds to the continuous distribution of βk, as shown in
Figs. 9 (a2) and (b2).
Another important finding is the connection between the
population of excitation in momentum space of bath and
the initial state. As discussed in Sec. V, the population
cn = n〈1|ψ(t = 0)〉 of the initial state in the energy levels
of the system significantly decided the distribution of rescaled
βk. For one dimensional case, βk is completely decided by
cn = n〈1|ψ(t = 0)〉, as shown in Figs. 11. In high dimen-
sional case, the corresponding energy levels of the system
characterized by cn = n〈1|ψ(t = 0)〉, decides the iso-energy
lines (d = 2) or surfaces (d = 3) in the momentum space of
bath, as shown in Figs. 11, on which βk can be distributed
only. This picture means that the information of initial state
can be recovered partially by imaging the distribution of ex-
citation in the momentum space of bath. However, we also
find that the distribution of βk on the iso-energy lines or sur-
faces is not homogenuous, and can be pronounced at some
points. Unfortunately we can not give a explanation for this
phenomenon. A possible explanation could be the result of
interference among various propagating paths.
Conclusively by a thorough study of the population evo-
lution of single excitation in both system and finite bath, we
demonstrate the significant influence of the localization in the
system and the dimensionality of finite bath, as well as the
initial state. Our research not only presents a further under-
standing of the many-body dynamics in open case, but also
provides the possibility for the detection of the properties of
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quantum system by coupling it to a finite bath.
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Appendix
In this appendix, the additional plots for the distribution of
excitation in the cubic lattices bath are presented. The differ-
ent slice directions are adopted in order to make the illustra-
tion clear.
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